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Abstract
A dense neutrino medium could experience self-induced flavor conversions on relatively small scales in the presence of the so-called
fast flavor conversion modes. Owing to the fact that fast conversion scales could be much smaller than the ones of the traditional
collective neutrino oscillations, it has been speculated that fast modes could lead to some sort of flavor decoherence/equilibrium.
We study the evolution of fast modes in the nonlinear regime and we show that not only fast modes are not guaranteed to lead to
flavor equilibrium, but also they could lead to some sort of collective neutrino oscillations but on scales determined by neutrino
number density. For the νe dominated case, we observe large amplitude collective oscillations, whereas a sort of flavor stabilization
is reached for the ν¯e dominated case.
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1. Introduction
The most extreme astrophysical sites such as core-collapse
supernovae and neutron star mergers include dense neutrino
media. The nature of the neutrino evolution in such a dense
neutrino gas could be very different from the one in vacuum
and matter. Indeed, due to the presence of neutrino-neutrino in-
teractions, the evolution of neutrinos in dense neutrino media is
a nonlinear correlated problem [1–3].
The first studies on this problem were carried out in simpli-
fied symmetric models such as the stationary spherically sym-
metric neutrino bulb model [3–5]. The most prominent feature
observed in these studies was the presence of collective neu-
trino oscillations where neutrinos evolve collectively due to the
correlation induced by neutrino-neutrino interaction. The most
remarkable observational consequence of this collective evo-
lution is the well-known spectral swapping in which νe (ν¯e) ex-
change its spectrum with νx (ν¯x) for a range of neutrino energies
[4–9].
It was just more recently that it was realised the spatial/time
symmetries could be broken spontaneously in a dense neutrino
gas [10–18]. This, in principle, could lead to new neutrino fla-
vor conversion phenomena. On the one hand, the breaking of
the spatial symmetry allows for neutrino flavor conversion at
very large neutrino number densities. On the other hand, the
breaking of time symmetry could remove the matter suppres-
sion of neutrino oscillations and might lead to flavor conversion
at very large matter densities.
Another important development was the discovery of fast
flavor conversion modes that could occur on very small scales
[19–30]. Unlike the case of the traditional collective (slow)
modes which do occur on scales determined by neutrino vac-
uum frequency ω = ∆m2atm/2E (which is ∼ O(1) km for a
10 MeV neutrino), fast modes occur on scales ∼ G−1F n−1ν with
nν being the neutrino number density. Obviously, the conver-
sion scales for fast modes could be much smaller than the ones
for slow modes at large enough neutrino number densities. It
has also been argued that the presence of crossing in the an-
gular distribution of electron lepton number carried by neutri-
nos (νELN) is a necessary condition for the occurrence of fast
modes [23, 26–28]. In particular, it has been shown that the
presence of crossing(s) in νELN could allow GFnν to play the
role of ω [28].
Not only is fast modes an amazing phenomenon by itself,
but also it could have important implications for the physics of
supernovae. Firstly, it could help removing matter suppression
by activating unstable neutrino modes (with large frequencies in
time) on small enough scales. Secondly, it could cause neutrino
flavor conversion within SN regions that have long been thought
to be the realm of scattering processes. In fact, this is expected
since fast modes do occur on scales ∼ G−1F n−1ν , whereas scat-
tering processes occur on scales ∼ G−2F E−2n−1B with nB being
the baryon number density [31, 32]. Within the neutrino decou-
pling region, the former could have values . O(1) cm, whereas
the latter could be much larger & O(1) km.
Since fast conversion modes could occur on scales much
smaller than the ones of the traditional collective modes, it has
been widely speculated that fast modes could lead to some sort
of flavor decoherence/equilibrium. Needless to say, the oc-
currence of flavor equilibrium could significantly simplify the
physics of supernova neutrinos from both theoretical and ob-
servational points of view. On the theoretical side, it could
remarkably reduce the computational difficulties. On the ob-
servational side, it could notably improve the analysis of the
supernova neutrino signals.
Although the total flavor equilibrium might be inaccessible
due to the lepton number conservation laws, some sort of partial
flavor equilibrium (decoherence) has been proposed to occur.
This could be very similar to the evolution of decoherence for
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Figure 1: A schematic representation of the neutrino Line model. Neutrinos
are emitted from the neutrino line with emission angles ϑ within the range
[−ϑmax, ϑmax].
small νe-ν¯e asymmetries (α = nν¯e/nνe close to one) within slow
modes, where ν¯e could experience flavor equilibrium and full
decoherence1 with survival probability Pν¯e ν¯e ≈ 1/2 [33–35].
Likewise, νe could experience decoherence up to the extents
allowed by the conservation laws.
In this work, we study fast neutrino flavor conversion modes
in the nonlinear regime by using a one dimensional spatial/temporal
schematic model. We show that not only fast modes are not
guaranteed to lead to flavor equilibrium, but also they could
lead to large amplitude collective neutrino oscillations on very
small scales for α < 1. Moreover, for α > 1, an out of flavor
equilibrium stabilization could be reached.
2. THE NEUTRINO LINE MODEL
To study the spatial evolution of fast modes in the sim-
plest multiangle configuration (the temporal evolution will be
discussed later in this paper), we consider a stationary one di-
mensional schematic model in a two-flavor scenario in which
electron neutrinos and antineutrinos are emitted from an infi-
nite line with emission angles in the range [−ϑmax, ϑmax] (Fig.
1) [12, 13]. We also assume that the symmetry is preserved in
the transverse direction (along the line).
It is assumed that neutrinos and antineutrinos are emitted
monochromatically 2 and with the normalised angular distribu-
tions fνe (ϑ) and fν¯e (ϑ). In addition, to observe fats modes we
allow for different fνe (ϑ) and fν¯e (ϑ) so that there can exist cross-
ing in the νELN.
At each point z, the state of a neutrino which is traveling in
direction ϑ could be specified by its density matrix ρϑ(z), and,
in the absence of collision, its flavor evolution is given by the
equation of motion (EOM) [2, 36–41]
i cosϑ ∂zρϑ = [Hϑ, ρϑ], (1)
1This is the case for α < 1. For the ν¯e dominated case, it might be νe that
experiences equilibrium.
2This assumption is made for the sake of definiteness. Otherwise, the EOM
should be approximately blind to the neutrino frequency in the presence of fast
modes. However, one should note that there still might exist some subleading
effects from ω [30].
with Hϑ = Hvac +Hmat +Hνν,ϑ being the total Hamiltonian where
Hvac =
1
2
[ −ω cos 2θv ω sin 2θv
ω sin 2θv ω cos 2θv
]
, (2)
Hmat =
λ
2
[
1 0
0 −1
]
, (3)
are the contributions from vacuum and matter, θv is the neutrino
vacuum mixing angle, λ =
√
2GFne with ne being the electron
number density and
Hνν,ϑ = µ
∫ ϑmax
−ϑmax
[ fνe (ϑ
′)ρϑ′ (z) − α fν¯e (ϑ′)ρ¯ϑ′ (z)]
× [(1 − cos(ϑ − ϑ′)]dϑ′,
(4)
is the contribution from ν − ν interaction where µ = √2GFnνe .
The EOM for antineutrinos is the same except that ω → −ω.
Moreover, it is assumed that ∆m2atm > 0 (< 0) in the normal
(inverted) mass hierarchy.
Due to the neutron richness of the supernova medium and
the neutron star merger environment, ν¯e’s are decoupled at smaller
radii than νe’s. This means that one should naively expect ν¯e to
be more peaked in the forward direction than νe. In this study,
we set fνe (ϑ) to be constant within the range [−ϑmax, ϑmax] and
fν¯e (ϑ) ∝ exp(−ϑ2/2σ2) (5)
with σ2 = pi/60. It should be noted that to observe fast modes,
one could also take uniform fν¯e (ϑ) and fνe (ϑ) with different
opening angles for neutrinos and antineutrinos. However, the
choice we made here allows for a smoother transition from ν¯e
to νe dominated angular range. Nevertheless, as we will discuss
in the next section, the qualitative features of our results do not
depend on the choice of angular distributions.
3. Results and Discussion
We have studied fast neutrino flavor conversion modes in
the nonlinear regime. We assumed ω = −1 (inverted hierar-
chy), ϑmax = pi/3 and very small θv 3. Nevertheless, we have
confirmed that the results we are presenting here do not seem to
depend qualitatively on the choice of ω, θv, ϑmax or even on the
details of the shape of fνe (ϑ) and fν¯e (ϑ) as long as fast modes
exist. We investigated the evolution of fast modes for a number
of α’s for both νe (α < 1) and ν¯e (α > 1) dominated cases. In
Figs. 2 and 3, we show the results for the spatial evolution of
neutrinos for α = 0.5 and 2 (see Fig. 7 for the temporal case).
In general, for the νe dominated cases we observed large ampli-
tude oscillations, whereas a sort of flavor stabilization could be
reached for the ν¯e dominated case.
In Fig. 2, we show the angle-averaged neutrino and antineu-
trino survival probabilities for µ = 103, 104 and 105 km−1 and
3 Note that one can make this choice if the matter density is very large.
However, one should bear in mind that if the growth rate κ & λ, then it is not
physically allowed to assume small effective θv since one may not find such
a rotating frame where the vacuum term oscillates ”so” quickly that the off-
diagonal term averages to zero.
2
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Figure 2: The angle-averaged survival probabilities of electron neutrinos (blue line) and electron antineutrinos (red line) for α = 0.5, µ = 103, 104 and 105 km−1
with λ = 0.3µ (upper panels) and λ = µ (lower panels) as a function of the unitless distance defined in the text. The actual distance is then z = 104r/µ km for each
case. On the lower left panel, we provide a zoomed up subplot of survival probabilities in the range r = 1. to 1.1.
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Figure 3: The same information as in Fig. 2 for α = 2 except that three matter densities λ = 0, λ = 0.3µ and λ = µ are shown.
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Figure 4: Angular distributions of the survival probabilities of neutrinos (blue line) and antineutrinos (red line) at different radii. On the middle panel, we provide
a zoomed up subplot of survival probabilities in the range ϑ/pi = 0.09 to 0.1.
λ = 0.3µ and µ as a function of the unitless distance defined by
r = µz/104. Since the relevant scale for fast modes is ∼ 1/µ,
the unitless quantity r provides a physical measure of length
in the problem. For these values of λ, the value of the growth
rate is κ ≈ 0.05µ. The most prominent feature of this plot is
the presence of large amplitude collective oscillations. On the
lower left panel, we provide a zoomed up subplot of the survival
probabilities in the range r = 1. to 1.1. The neutrino evolution
is similar to the bipolar neutrino oscillations observed during
usual collective neutrino oscillations. The only difference is
that the oscillations are now occurring on scales determined by
µ instead of ω. It is also intersting to note that the amplitude of
collective oscillations decreases for larger matter density.
Fig. 3 presents the same information as in Fig. 2 but for
α = 2. For the matter density, we take λ = 0 4, 0.3µ and µ.
In contrast to the case of α < 1, for α > 1 there always seems
to exist a sort of stabilization with a relatively small fluctuation
amplitude. Despite this fact, it does not seem that any sort of
flavor equilibrium is generally reached since neither Pνeνe = 1/2
nor Pν¯e ν¯e = 1/2 (except for the lowest left panel in which Pνeνe ≈
0.52). Note that the oscillation amplitude gets very tiny for the
maximum matter density.
In spite of the ongoing speculation, fast modes do not nec-
essarily lead to flavor equilibrium. This speculation stems from
the assumption that large amplitude fast flavor conversions could
4Note that for α < 1, the presence of matter is necessary to observe fast
mode instabilities [22, 28].
occur on scales (determined by µ) much smaller than the scales
of collective modes (which were assumed to be determined by
ω). However, as it has been analytically shown in Ref. [28],
in the presence of fast modes in neutrino gas, µ (or even λ)
could play the role of ω. Thus, the collective scales are set by
a combination of µ and ω (rather than only ω) in the presence
of fast modes. This means that the logic of comparing scales
mentioned above could totally fail. Then one might be tempted
to expect that the nature of the evolution of fast modes (in the
nonlinear regime) may not be much different from the one of
the usual collective slow modes.
Since the values of µ for which fast conversion modes occur
are very large, one might have to use a relatively large number
of angle bins (at least several thousands in our case) to reach
convergence in the simulations. This simply comes from the
fact that for such large values of µ, the neighbouring neutrino
beams could experience quite different potentials during their
evolution. This implies that the angular distribution of the neu-
trino quantities could be completely uneven. In Fig. 4, we
present the angular distributions of the neutrino and antineu-
trino survival probabilities at different radii. Obviously, one
needs a large enough number of angle bins to capture all of the
patterns in the angular distributions.
Although flavor equilibrium could be hard to reach in a
valid treatment of the problem accounting well for numerical
convergence, a too small number of angle bins may lead to an
approximate artificial flavor equilibrium. This is shown explic-
itly in Fig. 5 where only 100 angle bins are used for α = 0.5,
4
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Figure 5: Artificial flavor equilibrium due to insufficient number of angle
bins. The angle-averaged survival probabilities of neutrinos (blue line) and
antineutrinos (red line) are plotted as a function of the unitless distance r =
µz/104 for α = 0.5, µ = 105, λ = µ and using 100 angle bins. To guide the eye,
we have plotted the value 0.5 (brown dashed line) which corresponds to flavor
equilibrium.
µ = 105 and λ = µ (to be compared with the lower right panel
in Fig. 2).
Another remark concerns the neutrino lepton number con-
servation law (for θv ≈ 0) within the comoving frame [42–44].
Although if one considers only the temporal evolution of the
neutrino gas, the net lepton number
N = nνe
∫ [
fνe (ϑ
′)(ρνeνe,ϑ′ − ρνxνx,ϑ′ )
− α fν¯e (ϑ′)(ρν¯e ν¯e,ϑ′ − ρν¯x ν¯x,ϑ′ )
]
dϑ′,
(6)
is conserved, it is the flux of the lepton number
F = nνe
∫ [
fνe (ϑ
′)(ρνeνe,ϑ′ − ρνxνx,ϑ′ )
− α fν¯e (ϑ′)(ρν¯e ν¯e,ϑ′ − ρν¯x ν¯x,ϑ′ )
]
cosϑ′dϑ′,
(7)
which is conserved if only the spatial evolution of the neutrino
gas is considred. One should note that the net lepton number is
not conserved any more. In particular, a nontrivial evolution of
the angular distribution of the νELN could allow for large vari-
ations of N . We observed that this variations could be larger
for smaller νe-ν¯e asymmetries. This is explicitly shown in Fig.
6 where (rescaled) F and (rescaled)N are plotted as a function
of z for α = 0.8 and λ = 0.3µ. Although (rescaled) F is expect-
edly conserved, the (rescaled) net lepton number N could vary
by more than 50%. Though the extent to which the net lepton
number could be violated depends on the details of the physical
quantities, it should be noted that one might not be, in principle,
seriously limited by the conservation of the neutrino net lepton
number.
In this study, we have assumed that neutrino beams are only
propagating in the forward direction. However, if the back-
ward propagating modes exist, one has to consider both spa-
tial and temporal evolution of neutrinos [26]. Here we do not
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Figure 6: The evolution of the net lepton number N (blue solid line) and the
lepton number flux F (red dashed line). The values are rescaled by the initial
ones at z = 0.
want to consider a multi-dimensional problem which could be
very tough in multiangle configuration. However, to have an
idea of the temporal evolution of fast modes in the nonlinear
regime, we considered a homogenous non-stationary neutrino
gas so that the time is enough (and the relevant parameter) to
describe the evolution of the system. The neutrinos were as-
sumed to be emitted in a multiangle scenario with emission an-
gles ϑ within the range [−ϑmax, ϑmax]. One then has to solve an
EOM which is similar to Eq. (1) except that cosϑ ∂z must be
replaced by ∂t. We repeated our simulations for the temporal
evolution of fast modes and we did not observe any qualita-
tive difference for α > 1 for which we observed fast modes in
the neutrino gas (right panel of Fig. 7). For the νe dominated
case, we did not observe any temporal instability for the SN-
motivated parameters. However, fast modes could exist if one
exchanges the initial angular distributions of νe and ν¯e with each
other so that the opening angle of νe becomes smaller than that
of ν¯e. Although this is not currently thought to be realistic in
the SN environment, we still think it is useful to be discussed
(left panel of Fig. 7) since it helps convey the message that the
logic of comparing scales could fail.
By studying a one dimensional spatial/temporal schematic
model, we have shown that fast modes do not necessarily lead to
flavor equilibrium or even flavor stabilization in the two-flavor
scenario. The non-occurrence of flavor equilibrium makes the
problem of flavor evolution in dense neutrino media more in-
volved. Obviously, it remains to be investigated if multi-dimensional
models can induce flavor equilibrium and a degeneracy of the
neutrino spectra which would remarkably simplify the issue
of neutrino evolution in core-collapse supernovae or accretion
disks around compact objects such as black holes or binary neu-
tron star merger remnants. In conclusion, unless future studies
demonstrate that such an equilibration can occur, the present
work shows that the study of the evolution of a dense neutrino
gas requires a seven dimensional non-linear description, imple-
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Figure 7: The angle-averaged survival probabilities of neutrinos (blue line) and antineutrinos (red line) for µ = 104 and λ = 0.3µ with α = 2 (right panel)
and α = 0.5 (left panel) as a function of time. Note that as mentoned in the text, α = 0.5 calculations are performed with exchanging initial νe and ν¯e angular
distributions.
menting symmetry breaking and possible small scale instabili-
ties due to fast modes.
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